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C
ROSS flow heat exchangers are essential components of data center liquid and hybrid cooling systems. Their performance strongly influences the thermal environment of the data center. In general, the cooling systems are designed to perform under specific steady state conditions. However, transient variations occur due to load demands or operational conditions (e.g., start-up, shut down, failure, and other accident scenarios). Understanding the dynamic response of cross flow heat exchangers will help improve cooling unit performance and aid in the design of thermal control systems to improve the energy efficiency and operational reliability of data centers as shown in [1] .
There is a considerable body of research on cross flow heat exchangers. Both analytical and numerical modeling has been used to investigate the dynamic behavior of common cross flow heat exchangers. Dusinberre [2] was one of the first to analyze the dynamic behavior. In that study, a general finite difference method was used to solve a simplified set of model equations based on an energy balance for the heat exchanger. A basic set of dimensionless energy balance equations for 2156-3950 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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the dynamic simulation of a 2-D cross flow heat exchanger was developed in [3] . The model equations contain five independent nondimensional parameters. An approximate integral technique is used to characterize the temperature response with the assumption that one of the fluids is well mixed. This assumption simplifies the problem by treating the temperature variation in the fluid stream as 1-D.
Under limiting boundary and initial conditions, analytic solutions to the governing heat exchanger model equations are possible. However, solutions to more general model conditions must be obtained numerically. Utilizing the Dusinberre model [2] , a number of studies have focused on cross flow heat exchanger dynamic analysis with different types of step variation for the inlet temperatures. An infinite capacitance of one fluid was assumed in [4] , while both small and large values of the wall capacitance were studied in [5] . In both of these studies, finite difference methods are used to solve the governing differential equations. Laplace transform solutions to the transient model equations have been obtained. Romie [6] used this approach to analyze the response of a single-pass, gas-to-gas cross flow heat exchanger. Analytic solutions were obtained assuming negligible capacities for the two fluids in a gas-to-gas cross flow heat exchanger [7] .
Transient studies have been extended to more general variation of the inlet temperature beyond a step change. In [8] , results are obtained for step, ramp, and exponential input temperature variation. Spiga and Spiga [9] , [10] derived analytic solutions using Green's functions for the transient temperature response to a variation in the inlet temperatures. Chen and Chen [11] used a single Laplace transform in conjunction with the power series technique. The analytic solutions obtained in some of the other studies required two or threefold Laplace transforms. This alternative analytical approach was able to achieve good accuracy and improve the calculation efficiency.
Some of the studies mentioned [8] - [11] have utilized a continuous ramp or an exponential increase in the inlet temperature throughout the transient calculations such that no steady state is reached. In [12] , a nondimensional inlet temperature was varied from zero to one using step, ramp, and exponential functions. A maximum temperature value, instead of a continuous increase for the ramp and exponential functions, was specified to study the transient response under a limited increase in temperature.
This paper investigates the dynamic performance of an unmixed-unmixed cross flow heat exchanger based on a 2-D transient model. In a similar manner to the previous studies mentioned above, the hot fluid inlet temperature is varied using step and ramp functions and a continuous exponential function with different magnitudes and time periods. Different initial and final values for the ramp and exponential functions are used to study their effect on the outlet temperature transient performance. In addition, all the modeling cases are designed to investigate the cross flow heat exchanger used in practical data center application. The primary objective is to study the transient behavior in terms of the heat exchanger performance and response time of the outlet temperatures. The study and corresponding analyses will be used to assist in predicting the cross flow heat exchanger dynamics under an arbitrary temperature input condition, especially in the complex thermal environment in data centers. The results presented here are based on the model first presented in [13] . A more comprehensive set of cases for step, ramp, and exponential variations of the fluid inlet temperature and a broader range of all physical parameters are investigated to determine the effect on the time constant and the response time of the fluid outlet temperatures.
II. MATHEMATICAL MODEL
A simplified model of a direct-transfer-type, single-pass cross flow heat exchanger, with walls separating the two fluid streams, shown in Fig. 1(a) , is used in this paper. The 2-D idealized geometry is shown in Fig. 1(b) . Essentially the same model has been used in [8] , [11] , [12] , [14] , and [15] . The main assumptions of the mathematical model are summarized as follows.
1) Both fluids are single phase and unmixed.
2) The heat exchanger shell is adiabatic.
3) Constant mass flow rates and uniform flow. 4) Conduction is neglected. 5) No transverse temperature variation. The dimensional model equations based on conservation of energy for the wall and the cold and hot fluid streams are written as follows:
To perform the analysis, it is convenient to introduce the following nondimensional variables:
Once the equations are written in nondimensional form, the following set of dimensionless physical parameters are obtained. Thermal resistance ratio
Capacitance Ratio
Heat capacity rate ratio
We assume the hot fluid has the minimum fluid heat capacity rate based on the data in [16] . Two important relationships between the NTU, conductance ratio and heat capacity ratio can be developed
In nondimensional form, the governing model equations for the heat exchanger wall and the two fluid streams become
A. Initial and Boundary Conditions
In terms of the dimensionless variables, all of the initial temperatures (cold fluid, hot fluid, and wall) are set equal to zero
The inlet boundary condition for the cold fluid, which remains constant in this paper, is zero based on the definition of the dimensionless temperature
The inlet boundary condition of the hot fluid is specified as a function of time
where three different functional forms will be investigated. 1)
Step function
2) Ramp function
3) Exponential function
Instead of setting α = 1 and β = 0 as in [8] - [10] and [12] , here α and β are varied to generate different amplitudes and time periods for the transient forms of the hot fluid inlet temperature. One of the objectives of this paper is to quantify the effect of different initial and final values of the inlet temperature boundary conditions for each of the transient functions.
B. Method of Solution
The energy balance equations are solved using the finite difference method. Forward differences in time are used and an upwind differencing scheme is used for the spatial derivatives due to the hyperbolic character of the equations. A time step and grid spacing sensitivity study was conducted. It was determined that 100 grid points in each of the two spatial directions were sufficient for accuracy consistent with the level of the model. A time step, sufficiently small (0.005) to maintain stability and comparable accuracy of the spatial discretization, was used for all the cases. Verification of the numerical solutions is presented in the following section. The mean outlet temperatures of the two fluids at a cross section are calculated by integration in the following manner:
III. RESULTS AND DISCUSSION

A. Solution Verification
The accuracy of the numerical solutions was verified by a comparison with published results for the same set of conditions. Fig. 2(a) shows that excellent agreement is obtained between the nondimensional numerical results here (shown by the solid and dash lines) and those obtained analytically in [8] (data points) for the outlet temperatures (hot and cold) as a function of time. Results for different values of NTU are shown. An additional comparison with published numerical results [17] calculated for a step input to the inlet temperature of the hot fluid is shown in Fig. 2 
(b).
A validation with experimental test data [16] for a commercial cross flow heat exchanger under different mass flow rate operating conditions was conducted as well. The results are shown in Fig. 2(c) . The figure shows the steady state outlet temperatures as a function of the air mass flow rate through the cross flow heat exchanger. Very good agreement is obtained between the present numerical results and the experimental test data. The verification and validation of the numerical solution to the model equations with three different sets of published results demonstrate that the numerical solution procedure is accurate and that the model is relevant to the current application. It is important to note that the outlet temperature of the hot fluid can be either higher or lower than the outlet temperature of the cold fluid depending on the parameter values. As shown in Fig. 2(b) , when the NTU value is equal to one, the outlet temperature of hot fluid is higher than the cold fluid outlet temperature; while the NTU value is two, the results are reversed. Based on (7), three parameters govern the value of the NTU: the minimum heat capacity rate C min , the heat transfer coefficient h, and the surface area A. Here, the mass flow rates of the two fluid streams are kept constant, so the only parameter that changes the NTU value is the surface area A. Larger NTU values result from larger heat transfer surface area. This corresponds to larger convection heat transfer between the two fluids. As a result, for larger NTU values, the outlet temperature of the hot fluid is lower than the outlet temperature of the cold fluid. In the actual application of cross flow heat exchangers, changing the mass flow rates or the inlet temperatures of the two fluids can generate different outlet temperatures, such as a special case in which the outlet temperatures of the hot and cold fluids stay at the same values (which is called temperature cross). The NTU method provides a very flexible and consistent approach for characterizing cross flow heat exchangers for various applications. Fig. 3 shows the variation in time of the three functional forms of inlet temperature boundary conditions applied in this paper: step, ramp, and exponential functions. Both the hot fluid inlet temperature and time are nondimensional. Here, the time constant is defined as the dimensionless time taken for the outlet temperatures to reach 63.2% of the total change ( T between two steady states) for the step input case, while the response time is defined as the time taken for the outlet temperatures of both the hot and cold fluids to reach 63.2% of the total change for the ramp and exponential input boundary conditions. In this section, two specific ramp function and exponential function cases are considered: α = 1 and β = 0 for the ramp function in (18) and α = 0.5 and β = 0 for exponential function in (19). Fig. 4 shows the variation in transient response of the hot and cold fluid outlet temperatures, respectively, for the three input functions. The response time is determined for the following range of the five primary dimensionless parameters for the three input functions: NTU from 1 to 4, E from 0.3 to 1, R from 0.1 to 10, and V h and V c from 0.1 to 10. The ranges of parameter values are based on available data of actual heat exchangers used in data center cooling systems [16] . In the published literature, the influence of these parameters was studied in terms of the Fig. 7 shows the response time of both fluids as a function of the thermal resistance R plotted using a logarithmic scale. The response time for both fluids decreases with increasing values of R, but eventually levels off. This behavior is in agreement with other published results [11] . For lower R values, the response times of both the hot and cold fluids and for all three types of transient functions collapse to a single curve. For larger R values, the response times of the hot fluid are greater than those of the cold fluid, and there is an impact of the type of inlet condition on the hot fluid. Fig. 8(a) shows the response time when both V h and V c are varied simultaneously (with the same value). Based on (6), this corresponds to variation of M, the mass of the heat exchanger wall. Fig. 8(b) and (c), respectively, shows the response time when varying V h and V c individually while keeping the other constant. In all cases, both fluid streams take a longer time to respond as the V values increase, and the response time varies linearly for the parameter values considered. Per (6), when V h and/or V c is small, the capacitance of the fluid is much smaller compared with the thermal capacitance of the heat exchanger core. In this case, when the capacitance ratio is increased, which means a large portion of thermal energy is stored in the fluid, an increase in response time of both fluids is obtained. Comparing the difference of response time for the transient input functions, the impact of the heat capacitance is essentially the same for all three functional forms since all of the lines for both the hot or cold fluid are parallel. The results in Fig. 8(a) show that for larger M values, the hot fluid response time increases faster. Comparing Fig. 8(b) with Fig. 8(c) , the influence of V h and V c on the transient response of both fluids is different. Increasing the heat capacitance of either fluid leads to an increase of both fluid outlet temperature response times. The fluid with the larger capacitance takes much longer to settle down. When V h and V c increased individually, the cold fluid response time shows a similar trend while there is a more significant impact on the hot fluid.
B. Inlet Temperature Boundary Condition Study
To summarize in this section, the effect of the type of inlet temperature variation function was investigated for a broad range of the model parameters. The results demonstrate that the response time is an effective way to quantify the effect of each model parameter. These results help to distinguish this paper from earlier work where the outlet temperature curve was used to obtain only qualitative behavior. These results are important for predicting the transient performance of heat exchangers used in data center cooling systems. For example, the results can be used to estimate the impact of variation in the thermal mass of the various components of a computer room air handler on the response time of the outlet temperature when the heat load is changed [based on the results shown in Fig. 8(b) and (c) ]. This type of quantitative data can be incorporated into larger scale models of data center transient thermal performance.
C. Magnitude Variation of the Ramp and Exponential Inlet Temperature Conditions
To provide a more complete set of performance guidelines, the impact of changing the input magnitudes of the transient ramp and exponential hot fluid inlet conditions is shown in Figs. 9(a) and (b) and 10(a) and (b), respectively. Fig. 9 (a) (ramp) and (b) (exponential) shows the magnitude variation corresponding to changing from different initial steady state inlet temperature conditions for each fluid to the same final steady state conditions (designated as case I). In case I, the dimensionless inlet temperature starts with the value zero, which corresponds to the base initial condition for the heat exchanger. The other cases presented correspond to inlet temperature variation applied to steady-state operating conditions. Fig. 10(a) and (b) shows the inlet temperature boundary condition variation for case II, where the inlet temperature values change from the same initial value but to different final values for the ramp and exponential inputs, respectively. For both cases, the model parameters were set to E = 1, R = 1, NTU = 2, and V = 1. The magnitude variation is denoted by Delta T in the figures.
The impact of the magnitude changes will be characterized by how the fluid outlet temperatures change with different input magnitudes. The outlet temperature response results for a ramp change for both cases I and II are shown in Fig. 11(a) and (b) . The outlet temperatures for both fluids follow similar trends for the different input magnitudes. Similar response is achieved for the exponential change. The outlet temperature response time (time constant) and the effect of the changing magnitude are summarized in Table I . As can be observed from these results, the response times of the outlet temperatures are not influenced by the magnitude for either function type. Therefore, when there is a difference in magnitude between the ramp function and the exponential function, the response time is essentially the same for the hot fluid and cold fluid. The response time of the hot fluid is slightly longer. The changes between the two steady states of outlet temperatures are also summarized in Table I . Identical magnitude changes at the inlet result in the same magnitude changes of outlet temperatures without any influence of the initial value of the input boundary conditions. In Fig. 12 , the change in magnitude of the outlet temperature of both fluid streams varies linearly with the magnitudes of the input boundary conditions. The magnitude for the cold fluid is larger than the one for the hot fluid, and the difference is larger with increasing magnitudes of the input values. The results show that the same transient outlet temperature response can be achieved for different inlet temperature variations, i.e., the response time is not influenced by the initial value, final value or magnitude of the step function. It is also found here that different initial conditions (idle or steady state operation) of the heat exchanger do not affect the heat exchanger transient response time.
In actual data centers, the dynamic variation of temperature within the room is quite complicated due to many factors (e.g., nonuniform server power, air flow variation at different racks, etc.). As an example, for the case of a rear door heat exchanger, different rack outlet temperatures lead to different scenarios due to the variation in rack heat load, so the inlet temperature boundary conditions are different on each rear door heat exchanger. One certain case would result from different initial temperature values of the hot fluid stream as a result of power variation. Based on the model results for the magnitude effect, it is reasonable to assume that this kind of variation in the rack heat load does not significantly impact 
D. Time Period Variation of the Ramp Input and Exponential Input Temperature Boundary Conditions
For the ramp function, the time taken for the nondimensional inlet temperature to change from zero to one is specified as the changing time. For the exponential function, the time taken for the nondimensional inlet temperature to change from 0 to 0.632 is defined as the changing time. In the previous section, for measuring the transient response of outlet temperature for these two input functions, response time concept is defined as the time taken for 63.2% of the total change of outlet temperature. In this section, several other response time measurement methods are defined. As shown in Fig. 13 , the number of time constants is defined based on the percentage of maximum change percentage of output. Here, we still define the response time of outlet temperature as the time required for changing 63.2% of the maximum outlet temperature change for both input functions. Therefore, one response time is corresponding to 0.632 changing percentage. Based on this and Fig. 13 , two response times and three response times are defined as 0.865 and 0.95 changing percentages, respectively. Scientifically, settling time is also defined as 95% changing percentage, which the transient response is considered to settle down. For both ramp input and exponential input temperature boundary conditions, the temperature takes different amounts of time changing from zero to one as shown in Fig. 14(a) and (b) . The relationship of the boundary condition input time period with the response time of the outlet temperatures has been investigated for values of the model parameters set as E = 1, R = 1, NTU = 2 and V = 1. Fig. 15(a) and (b) shows the outlet temperatures of the hot and cold fluids for ramp input and exponential input with different time period variations, respectively. The outlet temperatures of both the hot fluid and cold fluid follow similar trends, and take a longer time to reach steady state as the changing time increases. Figs. 16 and 17 show different response time values versus the time period range considered, for the ramp (Fig. 16) and exponential (Fig. 17) input functions. The response time variations for the ramp input and exponential input are similar, and the two fluids show the same trend for any single case. However, the fluid streams take a much longer time to reach the three response times with increasing values of time period variation for the exponential input function, which shows that the form of the boundary condition variation has some effect.
Regression models are developed to predict the transient response of outlet temperature based on input function. Based on the results in Figs. 16 and 17 , different response times (dimensionless) as a function of time period (dimensionless) can be fit to linear or exponential functions using the regression modeling method. It is observed in Figs. 16 and 17 that the linear function for one response time model and nonlinear terms up to second-order polynomial for two response times and three response times may be enough for the regression models. The model accuracy is also tested. The response times for the outlet temperatures are denoted by t response_(h/c) as a function of time period (denoted by x) and are correlated for linear and second-order polynomial regression models. The regression coefficients can be computed by the data points shown in Figs. 16 and 17 . The following regression formulas are generated for ramp input and exponential input boundary conditions. One response time regression models for ramp input
Two response time regression models for ramp input: (86.5%) t response_h = 0.0422x 2 + 1.342x + 9.6479 (24)
Three response time regression models for ramp input: (95%)
t response_c = 0.0995x 2 + 1.5313x + 10.538.
One response time regression models for exponential input t response_h = 0.5853x + 7.3217 (28) t response_c = 0.5643x + 5.9915.
(29) temperatures for both the ramp input and the exponential transient input temperature boundary conditions was developed. Here, the accuracy of the curve fits is tested. Several time period values for the ramp and exponential input functions are picked randomly in the validation. Figs. 18 and 19 show the comparison between results predicted by the curve fits and the actual numerical results. For the ramp input function, nearly all the data points overlap. For the exponential input curve fits, excellent agreement is obtained except for the 0.95 response prediction case with the time period variation values of six, seven, and nine with the largest error of 3.5%. Therefore, the second-order polynomial regression models are able to predict the different response time values with very good accuracy. The regression models provide a way to estimate the transient response based on the cross flow heat exchanger model subject to transient inlet temperature (ramp and exponential functions) with uncertain time period variations.
For data center applications, the results from the heat exchanger regression model are useful for predicting the dynamic variation of supply temperatures for equipment such as Computer Room Air Conditioner units when different transient room exit air temperatures are applied. The regression mathematical modeling method can be used to estimate any arbitrary similar temperature variation scenarios based on a single experimental test result. Another example would be for rear door heat exchanger applications. The mathematical models developed here can be used to predict the dynamic response time to the supply temperature for rear door heat exchangers, which changes due to dynamic power variation and server thermal mass load in the cabinet or rack.
IV. CONCLUSION
In this paper, the transient performance of a cross flow heat exchanger under different types of inlet temperature boundary conditions was modeled.
Step, ramp, and exponential functional forms for the variation of the boundary condition were studied, and the outlet temperature response time was evaluated. In addition, the impact of five basic model parameters on the transient response was investigated. The effects of the magnitude of the transient inlet temperature variation as well as the time period were both considered and compared. Results from the numerical solution of the model equations help provide performance relationships, and polynomial regression was used to obtain simple relationships that provide a means for predicting the response time of heat exchanger based on the model results. The regression models provide a way for estimating either dimensional or dimensionless transient response time for specific input conditions. Some important aspects of the study on the transient performance of cross flow heat exchangers are summarized below.
1) The time constants were introduced in the study as the metric for the transient response of the outlet temperature.
2) The effect of changing the five model parameters on the transient response demonstrated by cross flow heat exchanger model was comprehensively studied. The results indicate that there is a power law dependency of the response time with an increasing value of the thermal resistance value R, linear dependency of the response time with an increasing value of the heat capacity rate ratio E and the capacitance ratio V , and an exponential dependency with a varying value of NTU. 3) The individual effects of the thermal mass of each fluid and the equipment core on the heat exchanger dynamic behavior were considered. 4) Different inlet temperature variation functions were modeled. The effects of the initial value, the final value, and variation magnitude as well as the time period variation of ramp function and exponential function are presented. 5) It was found that the initial and final values of the inlet temperature variation function do not influence the transient behavior of the fluid outlet temperature. Only the time period of the functions impacts the transient response. 6) The calculated response time was used to quantify the influence of different inlet temperature boundary conditions on the transient response of the cross flow heat exchanger model. 7) The regression models used to fit the calculated model results provide a method to estimate the transient response for a continuous variation of the model parameters subject to transient fluid inlet temperature variation (ramp and exponential functions). It was demonstrated that a second-order polynomial is sufficient to accurately fit the regression models to predict the time constant. In summary, this paper provides a more comprehensive understanding of the transient response of cross flow heat exchangers under three types of time-varying inlet temperature boundary conditions. By introducing the time constant concept for the transient analysis, the results show a deeper understanding of the model parameter. The results are applicable to different types of data center cooling equipment that utilize cross flow heat exchangers. The modeling results presented in this paper are relevant to various types of liquid and hybrid cooling systems used in data center thermal management. This is an important step toward the development of self-sensing and self-regulating energy efficient data centers.
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